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■ Abstract 

■ Aim of this paper is to extend the continuous dependence estimates proved in [57] to 
' quasi-monotone systems of fully nonlinear second order parabolic equations. As by-product 

of these estimates, we get an Holder estimate for bounded solutions of systems and a rate of 
convergence estimate for the vanishing viscosity approximation. 

In the second part of the paper we employ similar techniques to study the periodic ho- 
mogenization of quasi-monotone systems of fully nonlinear second order uniformly parabolic 

■ equations. Finally, some examples are discussed. 
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■ 1 Introduction 

. This paper is devoted to the weakly coupled system of parabolic equations 



dtu^+ H,{t,x,u,Du^,D^Ui) =0 in (0, T) x M", i = 1, . . . , m (1.1) 



(JS ■ where dt = d/dt, the operators : (0, T) x R" x R™ x R" x S" are given by 

o: 

H^{t,x,r,p,X) = minmax{-tr(Af^(t,x,p)x) + f^^ {t, x,r,p, X)^ (1.2) 

and u(x) — (ui{x)^ . . . , Um{x)). In fact, our techniques may be easily adapted to the case of systems 
■ of elliptic equations. Here, all (sub-, super-) solutions will always be in viscosity sense (see below 

, for the precise definition; for the main properties, we refer the reader to [55] and also to [IS] for a 

single equation). 

Quasi-monotonicity is a basic assumption which guarantees the validity of the maximum 
principle for weakly coupled systems. In [26] this assumption has been exploited to prove general 
existence and uniqueness results for solutions of systems of fully nonlinear second order PDEs. 
Aim of this paper is to show that this assumption allows to extend to weakly coupled systems two 
well known properties of fully nonlinear equations: continuous dependence estimates and periodic 
homogenization. 

Continuous dependence estimates (namely, an estimate of \u{t, x) — v{t, x)\ where u and v are 
two solutions to (|l.ip - (jl.2p with different coefficients) are useful tools to obtain regularity results 
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and rate of convergence estimates (e.g. for vanishing viscosity and numerical approximation). 
A general result for, possibly degenerate, scalar equations was proved in [571 113 (see also [?T] ) 
using techniques based on the maximum principle for semi-continuous solutions: doubling the 
variables and adding a penalization term. We show that the quasi-monotonicity assumption allows 
to extend the result in [22] to weakly coupled systems at the same level of generality (see also [7] , 
[S] for related results). As an application of continuous dependence estimates, we obtain regularity 
estimates (a priori L°° and Holder bounds; we refer the reader to [T^KH] for Harnack type estimates 
for these systems) and a rate of convergence estimate for the vanishing viscosity approximation 
(in this direction, this paper extends the results in [S] to the case of quasi-monotone systems). 
We shall also illustrate our results for a class of systems which arises in optimal control theory 
and, as scalar equation, it encompasses the Hamilton- Jacobi-Bellman-Isaacs equation associated 
to stochastic differential games (see [Tni[2n]). In this case, taking advantage of the special form of 
the coefficients, we obtain a simpler expression of the estimates. 

In the second part of the paper we are concerned with periodic homogenization of weakly 
coupled systems of uniformly parabolic equations. In this case, the coefficients in (|1.2I) have the 



and are Z"-periodic in the x/e-variables. The parameter s is meant to tend to 0. This fact 
modelizes a medium displaying heterogeneities in a microscopic scale while one seeks a description 
of the macroscopic phenomena (which are the only relevant ones). At the limit, the solutions are 
expected to converge to the solution of a "homogenized" problem where the effective operator 
needs to be suitably defined. 

The homogenization problem for a scalar equation has been studied e.g. in [TJ [31 dZl [HI 
l30] (see [2] for a general review of the results). A homogenization result for quasi-monotone 
systems of first order Hamilton- Jacobi equations was obtained in [T3] . For systems of second order 
equations we refer the reader to [BJ |3] for the quasi-linear case and to [101 111) for homogenization 
via probabilistic techniques. Also for the homogenization we are able to generalize the result 
from the scalar case to the weakly coupled one making a crucial use of the quasi-monotonicity 
assumption. The proof relies on an appropriate modifications of the perturbed test function's 
method introduced by Evans [17| . 

This paper is organized as follows: in the rest of this section, we introduce our notations, 
we list the standing assumptions and we recall the definition of viscosity solution of a system of 
PDEs. Section [5] is devoted to the continuous dependence estimate; in particular, we illustrate our 
results for a class of systems which arise in optimal control problems. Taking advantage of this 
estimate, in Section [3l we deduce a regularity result and a rate of convergence for the vanishing 
viscosity; moreover, we work out in detail the vanishing viscosity approximation of a first order 
system arising in optimal control. Section [J is devoted to homogenization results. Finally, in the 
Appendix we give the proof of a technical Lemma and, for the sake of completeness, we quote some 
results yet established in the literature. 

1.1 Notations and standing assumptions 

Notations: We set / := {1, . . . ,m} and Qt := (0,<) x R". 5'" denotes the set oi n x n real 
symmetric matrices; it is endowed with the Frobenius norm and the usual order, namely: \X\ = 
tr{XX^y/'^ and X >Y whenever X -Y is a semidefinite positive matrix. For each function h 
defined on (0,r) x M", V'^'^h{T,^) and 'P^'~ft,(r, ^) denote respectively the parabolic super- and 
subjects at the point (r, ^) (see [151 Section 8]). For / : M" — )• M™, we define the C°-norm by ||/|| = 
supjgj ,,gR„ \f{x)\ and, for /x G (0, 1], the Holder seminorm by [f]^ := swpi^i^^y i^l"-,;^^^' ■ For 
/i e (0, 1], C^(R") denotes the Holder space of functions / such that: ||/|| + [/J^ < +oo. Finally, 
BUC{W^) denotes the space of uniformly continuous, bounded functions / : M" — > R™. 

Standing assumptions: For i G / and Hi defined as in (jl.2l) . we assume 

(CO) The sets 9^ and Zi are compact metric spaces. Moreover, wlog, we assume 8^ = 8 and 



form 
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Zi = Z (it suffices to consider Q = ^iQi^ Z ~ TliZi and to extend the functions fi and Ai 
to tliese sets). 

(CI) For every R > 0, ff^ e C([0,T] x M" x R" x R" x 5") is uniformly continuous on tlie set 
[0,T] X M" X X Bm'^{0,R) X Bs"(0,i?) uniformly in 61, C- 

(C2) For every X, F e S*" with X < F there holds 

f!''{t,x,r,p,X) > f^{t,x,r,p,Y) \/t,x,r,p,e,C- 

(C3) For every t,x,p,9,(, A^''{t,x,p) — a^''{t,x,p)a^''{t,x,p)'^ for some matrix a^'' £ C([0,T] x 
M" X R") . Furthermore, for every R> 0, a^^ is uniformly continuous on [0, T] x M" x Brti (0, R) 
uniformly in 9,C,. 

(C4) For every i? > 0, there is 7/? G M s.t. if r, s e [—R, R]"^ and — Sj — maxjrfc — Sk} > 0, 
then 

fj'^{t,x,r,p,X) - f^'^{t,x,s,p,X) > jR{rj - sj) yt,x,p,X,e,C- 
(C5) There exists /i G (0, 1] such that: for every R > there exists a constant C/^/j such that 

f^Ht, X, r,p, X) - ftHt. y, X) I < (blla; -v\ + \x- y\^) 

for every 0,C,'i, t, x, y, p, r, X with \r\ < R. 
(C6) There is a constant Ca such that 

(h^{t,x,p) ~ al'^{t,y,p) <Ca\x-y\ ^eX,i,t,x,y,p. 
(C7) There holds: C-^ := sup^^^ l/f^C*, x, 0, 0, 0)| < +00. 

Remark 1.1 Assumption (CA) implies a quasi-monotonicity property of the system namely, 
for every R > 0, there is 7/} € R s.t. if r, s G [—R, i?]™ and rj — Sj = maxfr^ — s^} > 0, then 

k^I 

Hj{t,x,r,p, X) — Hj{t,x, s,p, X) > ji^{rj — Sj) \ft,x,p,X. (1-3) 

Remark 1.2 We refer the reader to Section \2.1\ for a class of systems (arising in optimal control 
theory) which fulfills assumptions (C0)-(C4). Let us also observe that, when system (|l.ip - (jl.2p 
reduces to a single equation, the above assumptions are satisfied, e.g., by: the Hamilton- Jacobi- 
Bellman- Isaacs equation associated to a two-players zero-sum stochastic differential game, the 
equation of mean curvature flow of graphs, the p-Laplacian with p > 2 (see fl5l \27}j ). Further- 
more, let us recall that a wide class of nonlinear operators can be written in the form (11.21) (see 



Definition of solution ([26j): (i) An USC function u : Qt — > R"' is a subsolution of (|l.ip if: 

whenever </> e C^(Qt), i £ I and Ui — ip attains a local maximum at {t,x), then there holds 

dt<Pit,x) -\- H,{t,x,u{t,x),D<p{t,x),D^(j){t,x)) < 0. 

(m) a LSC function u : Qt ^ R'" is a supersolution of if: whenever </> e C^{Qt), i £ I and 
Ui — (j) attains a local minimum at {t,x), then there holds 

dt<i){t, x) + H,{t, X, u{t, x),D<p{t, x), D^(j){t, x)) > 0. 

(Hi) A function m is a solution of (II. ip if it is both a sub- and a supersolution. In particular, it 
belongs to C{Qt). 
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2 The continuous dependence estimate 

In this section we prove the continuous dependence estimate for the problem (|l.l[) - (|1.2p . 

Theorem 2.1 Assume that, for k — 1,2, = satisfies assumptions (CO)-(CA) with 

constant j'^. Let and be respectively a bounded suhsolution to problem (|l.ll) - (jl.2l) with H = 
and a bounded supersolution to problem p.ip - (ll.2p with H — . Set R :— max(|jM^|j, ||it^||) 
and 7 = min(7^, 7^). Then for each 0<t<T, 7>0 and a > 0, we have 



sup [e'>-{uliT,x) - uUr, y)) - ^e^-\x - y\^)) < 

{uliO,x) - uUO,y) - yH + +tsup (^e''^[f!^^\r,y,r,p,X) - /P(t, a;, r,p, X)] 



sup 



where 



A" := ((x,?/) e X R" : b-yl < 2^^| (2.1) 

{{T,x,y,t) : < r < i, e A", z e /} 

■= {{'T, X, y, i, r,p, X,0,() : p^ a{x - y)e(^"^)^, (r, x, y, i) S E^, 

\r\ < e-'^'mm{\\u^\\,\\u^), \X\ < Zane'-^'^^^e ^ 6,(6 Z}. 

Proof We first consider the case 7 = 0. Without loss of generality, assume < ||m2|| (the 
other case can be dealt with in a similar manner and we shall omit it). Fix t g (0,T], a > and 
7 > 0. For every < £ < a/5, we set 



sup {u\{0,x)-ul{Q,y)--\x-y\^)' 
pa z 



a := -a, + suv{u\{T,x)-ui{T,y)-{-e^-\x-y\' + -{\x\^ + \y\') + - )}. 

I I t~T 

Since we want to derive an upper bound of ct, it is not restrictive to assume cr > 0. For b G (0, 1), 
set 

V(r, X, y, i) u\{t, x) - uf{T, 2/) " ^ " (f e^^^ " + f (I^^P + \y?) + ^) (2.2) 

for every t S (0,i), x,y G R" and i G I. Since the functions u} and uf are bounded in Qt 
and ip tends to —00 both as r — > <~ and as \x\ + \y\ — +00, we deduce that there exists a 
point (tq, xo, j/Oj *o) where the function ip attains its global maximum, i.e. 

ip{To,xo,yo,io) > iJj{T,x,y,i) y{T,x,y,i) G [0,t) x R" x R" x /. 

By its definition (|2.2p . the function -0 satisfies 

sup 'ip > a + ao — Scr ~ (1 — d)a + ctq. (2-3) 

Lemma 2.1 Let (tq, Xq, J/Oj ^0) ^'je point where the function ip in (j2.2p attains its maximum. 
Then 



i) There holds 

ko-yol <2(^^j , |a:o|, |j/o| < 2 (^^j (2.4) 

where R is the constant introduced in Theorem \2.1\ in fact, there exists a modulus of conti- 
nuity m such that 

koUyol <e"'/Me)- (2-5) 
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a) Assume that and are continuous in x uniformly in t, namely, there exists a modulus 
of continuity oj such that: \u^ (t,x) — {T,y)\ < iij{\x — y\) (j — 1,2). Then, we have 



ae^^^lxo-yol^ <oj{\xo-yo\). (2.6) 



Hi) Assume that either or v? belongs to . Then, we have 



ae^''°\xo -yo\<n 



min{[u^li} + £^/^V2R 



(2.7) 



The proof is postponed to the Appendix. We continue with the proof of Theorem 1 2. II 

By Lemma [2. 11 - fi*). we deduce that tq > 0; actually, for tq = 0, inequality (12. 3p implies 

do + (1 - S)(T < i/'(0, xq, 2/0, «o) < ctq 

and, in particular, a < 0, a contradiction. 
We introduce the test function 

cp{r,x,y) := ^ + ^e^^\x - y\^ + '-{\x\' + \y\'^ ^ 



t 2 ' 2" ' ' t~T 

and, for i = io fixed, we invoke [T5^, Thm 8.3]: for every i/ > 0, there exist values a, 6 € M and 
matrices X,Y £ 5" such that 

ia,p^„,X)eV^'+ul{To,xo), {b,Py„,Y)£V^^~ul{Tn,yo), (2.8) 



S(7 S ex. 

a-b^ dr(j){To,xo,yo) = -r + tt ^ + 7:l'e^''''\xo - yof (2.9) 

t (r-To)^ 2 



-(--^+« + £)(o ?)<(o \)<^ + -'^'^ (2.10) 

where 

a := e'^^'^a, $ := ( "^^^ ) , Pxo Da:(l>{To, xo,yo), Py^ -.^ -~Dy(j){To,xo,yo) 

\ 9yx (Pyy J (ro,xo,yo) 

(note that, according to notations of [15], the norm of a symmetrix matrix A is defined as follows: 
1^1* :— sup{|A| I A is an eigenvalue of A} = sup{| < vA,v > | | |w| < 1}; recall also that \A\ < 
n|A|*). For ^ {a + 2e)-\ relation (PTU)) entails 

From this inequality, one can deduce that, for every {6, () £ Q x Z, there holds 



tr 



(^t'''^(^o,a;o,p^o)^) -ti'(^t'''^(To,2/o,Pyo)^) < 3a a^f '^(tq, a;o,P:r„) - af^'^'^(ro, ?/o,Pyo) 

+ 2ei\at^'\ro,xo,p.,)\^ + \a'^^''iTo,yo,Pyo)\') (2.12) 

In order to prove this inequality, we shall use the arguments by Ishii [25]. Multiplying the latter 
inequality in (|2.1ip by the matrix 

a^o iTa,xo,Px„)a^' {To,xo,Px„y a^' {To,yo,py„)a^' (xa,Pxo) 
flio iTa,xo,Px„)a>' {To,yo,Pyo) a> (tq, yo,Pyo)aio (^o,yo,Pyo) 
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(which is symmetric and nonnegative definite) and evaluating the trace, we obtain 

3a tr (aff (ro , xq , J - a,^'^ (tq , yo, P^o )) ('^o ,xo,Pxo)- af" (t-q , 2/o , Pyo ) 

+ 2£ tr (^a^^f ' ^ (tq , , p^o (^"0 , a;o , P^^o )^ + afo" ('TQ , Vo , Pyo ('^o ^Va^PyS 

and therefore, by using our choice of e and of a, we get relation (|2.12p . Since is a subsolution 
to problem (II.IL the former relation in (I2.8p and (j2.9p yield 



> a + minmax{-tr(Af^^'^(To,a;o,Pxo)^) + /,f/'^(ro, xq, uH^o, a;o),Pi^o> -'^)} 
> ^ + Y +minmax{-tr(^Af^'^'^(To,yo,Pao)^) + /fo'''^(^o, yo, "^(tq, 2/o),Pao> ^) ^2 13) 

- f!o'^{To,yo,u'^{To,yo),Pyo,Y)} + ^7e''''°|a;o - yoP- 
From dun]), it follows that 

X<Y + 4:eI, < n(3a + 2£); (2.14) 

actually, in order to prove these estimates, it suffices to evaluate inequality (j2.11D on the vectors 
{v,v), {v,0) and (0, u) respectively. Whence, assumption (C2) ensures 

fio'^iTo,yo,u'^{TQ,yQ),Pyo,Y) < /f^"^'^ (tq , yo , ""^ (tq , 2/o) , Pyo > " 4£/) ■ (2.15) 
Moreover, by V'(to, xq, 2/0, «o) > ip{To,XQ,yoJ) and by we get respectively 

uIo{to,xo) - uf^{To,yo) > u](ro,xo) - u|(to, j/o) for any j e / 

and 

ul,('^o,xo) - w-^(ro,2/o) > 0. 
Hence by (C4) and recalling that 7 = min(7)j,7^) = 0, we get 

f!o''^{To,yo,u'^{To,yo),Pya,X - Ael) < flf-'^{TQ,yo,u^{To,xo),pyg,X - 4el). (2.16) 
By (11331), (Pl^ and ((^1^ we get 

> ^^Y^T^fie^''^'^ (-4tf'^(To,yo,Pyo)^) +/fo'''^(To,yo,"^(To,yo),Pyo>^) 

+ {^to'^i'^0,yQ,Py„)Y - A'l^-'^{To,Xo,Pa:o)X) + /f^^'^To , Xq, (tq , Xq), Pa^o , -'^) 

- /^,^'^(To,yo,'«^(T-o,a;o),Pyo>-'^ - 4e/)} + ^7e'^''1a;o - j/oP 
t ' -^-gz ege'f~*'^(^t'''^('^o,yo,Pyo)^) +/fo'''^(To,yo,w^(To,yo),Pyo,^)} 



> H h mm max-^ 



+ min{tr ( A^'^^^ (tq , yo , Pyo )^ " ^1'' ('^0 ' ^0 ' P^'> ^■^) + ffo'^^'^o ,xq,u'^{to,xo),Pxo,X) 
''X 



f!o''^{TO:yo,u^{To,xo),Pyo,X - 4e/)} + -7e''^°|a:o - 2/0^- 
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Hence, since is a supersolution, we get 



— < niax{-tr (A'l^''^{Ta,ya,py„)Y ~ A^^^''^{to,xo,p^JX) - /f/^^(ro, a;o, u^(to, xo),P:ro, ^) 



QC 2 1 ~ 



< max 
ex 



+ fio'^{To,yo,u'^{rQ,xo),Pyo,X - 4e/) - ff^''^{To,xo,u'^{To,XQ),p^^,X) 



(2.17) 



where the last inequahty is due to (|2.12p . 

Set p := ae'^'^°{xQ ~ yo), p^ :— sxq, p^ :— eyo and observe that Pxg = p + P^ , Pya = P — ■ We 
define 

F^'' := {(T,x,^/,^,r,p,p^p^X,^?,C) : X = X, + X^, {T,x,y,i,r,p, X^^OX) G i?o" 

\X2\ < 2ne, £i/2|x|,ei/2|y| < ^(^)^ < (2i?£)i/2} (2.18) 

From (I2.17p . we have 
Sa 



< sup |(3a + 2e)|af'^^^(T,a;,p + p'') -af^'^(T,y,p-p^)|^ 

+ /f '^■^ (r, y , r, p - p^ X - Ael) - ff^-'\T, x,r,p + p^ , X) 

- ^^e^^\x - y|2 + 2e(|af •i(r, + {a^^^'ir, y,p- p^)^)}^. 

By definition of F"'^ and (CI) and (C3), we get that there exists a modulus of continuity w such 
that 

< sup {/f^'^(T,y,r,p,X) - ff''''^{T,x,r,p,X) + 3a|a^'''^(T, a;,p) - af'^'^(T,2/,p)P 

|7e^n^ - + + + 2e(|a^'^(r, +p^)P + |a^''(r, y,p- p^)n}^. 



If (r, X, 2/, i) S , by definition of cr, we get 



w,^(r,a;) - u'^{T,y) - -e'^^jx- < cr + ctq + e 



t — T Z 



By the last two inequalities we get 



uI{t, x)-u^^{t, y) - ^e^''\x-y\^ 



< 



CTo + T sup {ff''''^{T,y,r,p,X) - f^'^'^ {t, x,r,p, X) + 3a\a'^^''-^ {t, x,p) - af''''^{T,y,p)\ 



^je^^\^-y\^+ci\p-\ + \py\+s) + 2si\a^^^\T,x,p+pn\' + \at^^'{T,y,p-py)\^)} 



1 



t-T 2 



(2.19) 



Observe that, by (C3) and the definition of F"''^ , we have 



{\a'^'^-\T,x,p + pnf + |aP(r,x,p-p^)|2) < Ce{l + \xf) < Ce{l + 
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Then sending e -> (note that, since ||ui|| = A ||ti2||, by (|2.18p . as e — 0, F"'^ converges to 
Dq() and then S 1^ in (|2.19p . we get the estimate. 

The general case 7 7^ can be proved following the argument of the corresponding result in 
[Sa Thm 3.1]. □ 



Remark 2.1 This result can be generalized (using the same proof) to the case of a bounded above 
subsolution and a bounded below supers olution v? . Actually, in order to treat this case, it suffices 
to set R := max{||u^+||, and to replace "min{||M^||, with "min{||u^+||, in 

the definition of . 

Remark 2.2 Theorem \2.1\ can be improved when either or v? satisfies additional regularity 
properties. For instance, when they are both continuous functions with modulus of continuity wi 
andu)2, respectively, the result of Theorem \2.1\ holds with Aq, in (|2.ip defined by 

A" := {(x,?;) eM" xK" : a\x - yf - io,{\x - y\) - uj2{\x - y\) < o] . 

When either or belongs to C^{Qt), then Aq can be defined as 

A" G M" x M" : \x - y\ < nmm{[u^]i,[u\)a-^Y 

With the previous definitions of Aa, the proof of Theorem \2.1\ can be easily adapted by using Lemma 
\2.1\ (ii) and (Hi) (see [27j for more details). 



2.1 Systems arising in control theory 

Weakly coupled systems are the dynamic programming equations of optimal control problem of 
Markov process with random switching (see [21j ) and arise in many areas as in connection with 
the optimal control of hybrid systems ( [H [TBI [23] ) . Consider the control problem with dynamics 



dX{s) = blf^(^s,X{s)ys + alf''(^s,X{s)yWs, s£ [t,T] 
X{t) = X 



(2.20) 



where Wt is a standard Brownian motion, 9t, Ct ^tre the controls and i^t is a continuous time random 
process with state space {!,..., m} for which 

H'^t+At ^]\vt = i,Xt^x} = c^f(t, x)At + 0{At) (2.21) 

for At 0, i, j Cz I , i =/= j. Let v ~ (vi, . . . ,Vm) be the value function defined by 

v^{x,t) = ini supE,,A [ f^''^'(s,X{s))ds + uo4X{T))\ {t, x) € [0,T) x W , i€l. 

(2.22) 

where T stands for the set of admissible strategies of the first player (namely, non-anticipating 
maps 6* : Z — T, see [2S])- Then the function u{x, T — t) :— v{x, t) is formally the solution of (11.11) 
with initial datum Ui{x, 0) = uo.iix) where the operators Hi are defined by 

H,it, X, r,p, X) = min max | - tr (^f (t, x)X^ + hl^{t, x) ■ p + l^^{t, 2^) + ^ ^>J | (2-23) 

and Al^{t,x) = a^^{t,x)a^'^{t,x)'^ , d^j = —c^j for j ^ i, dff — —J^j^^ij- Besides assumptions 
(C0)-(C6), we require the following assumptions 
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the coefRcients a^*" and 6^^ are Lipschitz continuous in x uniformly in t and in {9, C); namely, 



for h = a^'', b^'', there holds 



\h{t,x) - h{t,y)\ < Lh\x-y\ Vx, y, 6*, (, i; 
the coefficients l^'' and d^^ are Holder continuous in x uniformly in t and in {0,Q; namely, 



for h = Z^^jdff, there holds 

\h'iHt,^)'-h^Ht,y)\<Lh\x-y\^' Vx,y,i,0,C,*. 



Theorem 2.2 Let and be two operators of the form (j2.23l) which fulfill the above assump- 
tions. Let and be respectively a bounded subsolution to problem p.ip with H = and uq = 
Uq G C''(M") and a bounded supersolution to problem p.ip with H = and uq ^ Uq E C^(M"). 
Set R := max(||M^||, |jw^||) and 7 := min{7^,7^}. Then there exists a constant K > (depending 
only on T, R and on the constants entering in our assumptions) such that, for every < t < T, 
there holds 



e^*\\u\t, •) - .)|| < - ulW + Kt sup 

ie/,(r,a:)6Qt,e,C 



\d\ 



Kt^'/^ sup 

iei,iT,x)eQt,0,C 



where is the matrix {d^-j''')ij^i for k — 1,2. 



Remark 2.3 If and are both solutions and sup,^ ^ ^ ^ j a;)| < +00 (k — l,2j, then 

Theorem \8.1\ below guarantees that and v? are bounded and it also provides an estimate of R. 

Proof By the arguments of [571 Thm 3.2 and 4.1], this result is a consequence of Theorem 12. II 
and of the regularity of the coefhcients and of the initial data. 
For Ci_, := min{[wj]^, [wqI^}, we have 



=7* 



Wu'it, .) - u^t, ■)\\ < sup {e-'-{ulir,x) - u^iT,y)) - ^e^^\x - y\^)) 



a 



sup {ul,{x) - uUy) -^\x- < - + «-W(2-m)c^/(2-m). 



By these inequalities, for 

Theorem 12.11 yields 

e'^'\\u\t,-)-u\t,-)\\ 



(fc = l,2), 



< 11^0 - "0 



II + c,-A'/(2-A')c2/(2-M) + i sup Lir h^Cl x) - b^^^^^T, X 

no I I 



+ |Z^^(r,x) - '^(r,a:)| \df\T,x) ~ d^j'' (r, x)\ + L^ 



b\x - 



y\\p\ 



< 



+ {Li + mLdR)\x - yl^j + 3ae^^ [wI^'^t, x) ~ a- '^''(r, x)| + La\x ~ y])' 

\\ul - ulW + +i3up|,7r r|;«C,l(^^^) _ lf^^^^r,x)\ 

+ RY, M,^''(r,x) - df\T,x)\] +ae^^\}f^-\T,x) - 6P(r,x)p 

+ e-'^Li + mLdR)\x - y|^ + 6ae^na^''(^, ^) " a^'^'^l^, 
+ ae^^\x-y\''(l + L, + &Ll-T^] 



-^e'^'^\x - 
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where the last inequality is due to the Young one and to the choice p — a{x — y)e'^^ '^'^'^ . 
We choose 7 sufficiently large such that 

l + Lb + &Ll-^/2^-l. 

Furthermore, by standard calculus, we get 

{Li + mLdR)e^''\x - y]'^ - ae^^\x - < Kla~^''^^'^'^ 

where Ki is a constant depending only on Li, Ld,R, 7, 7 and T. Taking into account the last three 
inequalities, for K2 := cfj'^'^~^'^^'^ + tKi we obtain 

e'^'\\u\t,-)-u\t,-)\\ 

<\\ul^ ulW + t sup {e^^ [\iI^^\t, x) - I'l^^^T, x)\+rY^ M^/'^(r, x) - d^j'^ir, x)\\ } 



+ K2a-^/'^^-t'^ + at sup |e^" '^''(r, x) - hf'^{T, + Q\af'\T, x) - af'^{T, x)\''] ] 
D^, L L J J 

Minimizing the right-hand side by an adequate choice of a, we have 

e'^'\\u\t,-)~u'{t,-)\\ 

<\\ul-ul\\+tsup{e-'^[\lt'^-'\r,x)-lt'^-'{r,x)\+RY,\df\^ 

( x"/' 

+ X3t''/2 Up{e^^ [|6^i(r,x)-&P(r,x)p + |aP(r,x)-aP(r,x)p] }j . 

where Kj, is a constant depending only on T, and on the constants entering in our assumptions. 
Finally, by the Young inequality, one can easily accomplish the proof. □ 



or Un . 



Remark 2.4 By the proof above, this result is still true when, for each i E I, either , 
belongs to C'^(M") and the assumptions on the regularity are fulfilled by either a^^'^ or a^'"'^, either 
0, orb, , either l-^ or l-^ . 



3 Regularity estimates and vanishing viscosity 

In this Section we collect some applications of Theorem 12.11 the first part is devoted to establish 
a regularity estimate for the solution to system p.ip provided that the initial condition and the 
coefficients are Holder continuous. In the second part we prove an estimate of the vanishing 
viscosity approximation. 



3.1 Regularity estimates 

In this section, we address the Cauchy problem 

dtUi + Hi{t,x,u, Dut, D'^u^) ^ in Qt 

Ui{0,x) = UQi{x) on M", z e / 

with Hi of the form (|1.2p and we establish two results for the solution u: an L°°-estimate and the 
Holder continuity. 

Theorem 3.1 Assume conditions (CQ)-(CA) and (C7). For uqi continuous and bounded (i e I), 
let u be a bounded solution to problem p.ip . Then, for 7 := 7[|„|| (the constant 7^ is introduced in 
(C4)) there holds: 

\\u{t,-)\\<e-"\\u4+te'^'Cr 
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Proof Assume 7||,„|| = in (C4). We shall proceed following the same arguments as those of 
Theorem 12.11 with ui = and U2 = u (clearly, ui is the solution to (|l.ip with zero coefficients). 
Relations (|2.8p and (j2.9p guarantee 

< 6 + minmax{- tr {Al^{TQ,yo,py„)Y^ + ft^{To,yo, u{tq, y(^),py,,,Y)} 

where Pyg — ae'^'^°(a;o — j/o) — £yo- We observe that (0,^2:01-'^) ^ iff a = 0, Pxg ~ and 

X > 0; hence, by (I2.14p . we get Y > X — Ael > —Ael. Therefore, the above estimate entails 

a < i(5"imnmax{4etr(^A^^'^(To,yo,Pyo)) + f!oiTo,yo,u{To,yo),pyg,-AeI)} 

< tS^^ minmax{4e tr (a^^^{to, yo, const.e^/^) ) + /f/ (tq, yo, 0, const.e^/^, -4£/)} 

where the last inequality is due to the same arguments as in (j2.16l) and to Lemma |2. 11 - fi) and -(iii). 
Observe that assumption (C3) and estimate (|2.5I) ensure 

etr |^A^^^^(to, yo, const. £"^/^)^ < const. TO(e). 

Letting e and 5 1, we obtain 

-||mo||- inf {u,{t,-)} <a <tCf; 

namely, one side of the statement is established. Reversing the role of u and 0, one can easily 
deduce the other inequality of the statement. The case 7||u|| ^ will follow as for Theorem 12. II □ 

Theorem 3.2 Assume (C0)-(C6) and uq G C'^(R"') for some /i e (0,1]. Then any bounded 
solution u to problem p.ip is Holder continuous in x and, for some positive constant K , it fulfills 

where 7"'' :— max{0, 7||m||} and 7 :— 2{Cf^\\u\\ + 3C^ + 1) + 7^ (the constants ^u, C f^R and Ca are 
those introduced respectively in (C4), (C5) and {C6)). 

Proof This proof relies on the arguments of [27, Thm 3.3-(b)]: the application of Theorem 1 2. II 
with /f^'^ = /f^'^, af'''^ = O'i''''^ ^iid — with a careful estimates of the two sides. For the 
sake of completeness, let us sketch them. We observe that 

sup (e'<\ul{t,x) - uUt,x))) < sup (e'<^{ul{T,x) - u^T^y)) - ^e^^\x - yp)) 

and 

sup {u\{Q,x) - 7.2(0,y) - - yff < [uoUx - y^ - ^\x ^ y\^ < 2[uo]f^a^ 

where the last inequality is due to the Young inequality with exponents 2//i and 2/(2 — /i). More- 
over, by conditions (C5) and (C6) (recall p = a{x — y)e^^~'^^'^) and by our choice of 7, we have 

e'^''[f!^'^{'r,y,r,p,X) - ff''-'^{T,x,r,p,X)] + 3ae'^^|o^^j(T, - a2^^j(r, y,p)p - ^je'^''\x - yp 

< e-^^Cf^M \x ~ yr + ae^^\x - yp + iCl - ^) 

<e^^ [Cf^\\u\\\x-yr~a\x~y\''] 
<Xie'^*(C^,,l„l|)2/(2-^)a-^/(2-^) 
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where last inequality is due to standard calculus and Ki is a constant depending only on 
Therefore, taking into account the last two inequalities, Theorem 12.11 entails 



e^^{u\{T,x)-ul{T,y)) < 



2/(2-p) 



-p/(2-m) 



and the statement follows by a suitable choice of a (see [371 Thm 3.3-(b)] for detailed calculations) 



□ 



3.2 Vanishing viscosity 

We consider the viscous approximation to (jl.ll) 

dtuI + Hi{t,x,u,Dul,D^ul) ^ eAul in Qt, « e / (3.2) 

where Hi is as in (jl.2[) . In the next proposition we establish an estimate on the rate of convergence 
of u'^ to u. 

Proposition 3.1 Assume (C0)-(C7) and that, for any e > 0, there exists a bounded solution 
to p.2p . Then there exists a solution u G C^{Qt) to (|l.ip - (|1.2p and 

||u(t,.)-^^(t,-)ll <C(||u(0,.)-w^(0,-)ll+e^/') t€ [0,T] 
where C is independent of e. 

Proof The existence of the solution u to (|l.ip and the local uniform convergence of the sequence 
u' to u can be obtained by employing the classical weak limit method introduced by Barles- 
Perthame, which can be easily adapted to systems. Moreover by Theorem 13. 2[ the functions 
and u belong to C^{Qt) for any e. The proof of the rate of convergence is based on the estimate 
in Theorem 12.11 applied to problem (11.11) and (13. 2p with 

ff^'\t,x,r,p,X)^ }t^{t,x,r,p,X) 

ft^^\t, X, r,p, X) = /f ^(t, X, r,p, X) - e tr(X) 

■ 1 (i , X, p) - ^2 (t , X, p) = {t,x,p) 

Since it is very similar to the proof of the corresponding result in |27j . we omit it. □ 

Remark 3.1 A similar estimate for the vanishing viscosity approximation of weakly coupled sys- 
tems has been recently proved in using different techniques and stronger assumptions. 

3.2.1 Vanishing viscosity for a first order problem 

Let us establish a rate of convergence for the vanishing viscosity approximation of a first order 
system arising in optimal control problem. Being a straightforward application of Proposition 13. 11 
the proof is omitted. 

Proposition 3.2 Assume the hypotheses of Section \2.1\ Let and u be the solution of 

dtuf + minmax | -e tr (^^^(t, x)D^ul^ + fof (i, x) ■ Duf + ll^{t, a^) + J] '^u^*^*' | ° 
and respectively of 



dtUi + minmax < b^''(t, x) ■ Dui + fMt, x) + d^Ut, x)uj > = 0. 

[ J 

Then 

\Ht,-)-u%t,-)\\<C{\\u{0,-)-u%0,-)\\+e^/^) te[0,T]. 
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4 Periodic Homogenization of quasi-monotone systems 

In this section we study the periodic homogenization of the fuUy nonlinear systems 

dtui + H,[x,^,u^,DulD^ul^ = in Qt 

Ui{0,x) ^ uo,{x) on M", i e / 

where 

Hi{x,y,r,p,X) = rninmax] -tr (A^^{x,y)x) + fi'^{x,y,r,p) \ . 

For the sake of clarity, let us list the assumptions that will hold throughout this section. 
{HO) The sets O and Z are two compact metric spaces. 

(HI) The functions ff^ are continuous and, for some constant Lf and a modulus of continuity w, 
they satisfy 

\f!''i3:i,yi,ri,pi) - f-''{xi,yi,ri,pi)\ < Lf\{xi,yi) - (a::2,2;2)|(bi| V \p2\ + \ri\ V \r2\) 

+ oj{\{xi,yi) ~ (a;2,y2)|) + Lf{\ri - r2| + \pi -P2I) 

for every Xk,yk,fk,9,(,i (k = 1,2). Moreover, there exists a constant C such that 

l/f 0,0)1 <C Va;,y,r,0,C. (4.2) 
{H2) A^-''{x,y) = a^'" (x, ?/)a^'° (x, j/)^ for some bounded, continuous matrix a^^ satisfying 

0't''ixi,yi) - ai^{xi,y2) < La\ixi,yi) ~ {X2,y2)\ ^Xk,yk,d,C,i e I (fc = l,2). 

(-ffS) •, r,p) and af'°(a;, •) are Z"-periodic in y for any x, r,p, 9, C, i. 

{H4) The matrix is uniformly elliptic, namely, for some positive constant ly there holds 

a'^''{x,y) > lyl, yx,y,eX,i- 
{H5) There exists 7 e M such that if r, s e R™ and Vj — sj ~ maxjrfc — Sk} > 0, then 

fi^{x,y,r,p) - f1^{x,y,s,p) > -f{rj - Sj) \/x,y,p,0X- 



We consider the cell problem: 

For any fixed i £ I and {x, r,p, X) e R" x M'" x R" x S*", find a constant Hi = Tliix, r,p, X) such 
that the equation 

H,ix,y,r,p,X + Dlv{y))^H,, 2/ G R" (4.3) 

admits a periodic solution Vi = Vi{-;x,r^p,X). 

It is well known (see: [ITl |3l [21 [31]) that there exists exactly one value Hi such that (14.31) 
has a solution; moreover. Hi can be obtained as the (uniform) limit of —Xvx^i as A — >■ 0, where the 
approximated corrector vxj :— vx^i{y] x,r,p, X) is the solution to 

Xvx^,+H,{x,y,r,p,X + Dlvx^,) = 0, y e R". (4.4) 

We associate to each Hamiltonian Hi the corresponding effective Hamiltonian Hi. Note that at 
this level the index i is fixed, hence the definition of the effective Hamiltonians does not involve any 
coupling among the equations. Nevertheless, in view of existence and uniqueness results for the 
homogenized problem, we need to study the regularity of the effective Hamiltonians in particular 
with respect to the variable r € M™. 

In the next proposition we collect some useful properties of the approximated correctors vx,i 
and of the effective operators Hi. 
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Proposition 4.1 The following properties hold: 

i) For any i, x,r,p, X , the approximated equation (14.41) admits exactly one periodic continuous 
solution vx^i. Moreover, as A — )■ 0+, AuA,i and {v\^i — UA.i(O)) converge respectively to the 
ergodic constant —Hi and to a solution Vi of (j4.3p with Vi{Q) = 0. 

ii) For any i £ I, the effective Hamiltonian Hi is continuous in {x,r,p, X) and 

a) For some constant Ci > and a modulus of continuity uji, there holds 



for every Xk,Pk,rk,Xk (k = 1,2). 

b ) Hi is uniformly elliptic. Moreover, if Hi is convex, then Hi is also convex. 

c) {Hi}i^i is quasi-monotone, namely, it satisfies (jl.3l) . 

Proof For statement (i), we refer to [T7] (see also [5] and [3]). The estimates in {ii).a follow by 
the continuous dependance estimates in |31l Thm 3.1] (note that in the cell problem both r and p 
are fixed), while property {ii).b is proved for example in % and in |17| . We finally prove that Hi, 
i € I, satisfy the quasi- monotonicity condition (|1.3p . Assume by contradiction that there exist r, 
s G such that r, — s,- = maxjrt — Sh} > and 

H j{x,r,p, X) < H j{x, s,p, X) 

for some x € M", p G R", X G S*". Let Ur and Ug be two periodic solutions respectively of 

Hj{x,y,r,p,X + D^Ur) ^Hj{x,r,p,X) ye M", 
Hj{x,y,s,p,X + D^u,) ^Hj{x,s,p,X) yeK". 

(these functions exist by point (i)). Since Ur, Us are bounded, by adding a constant we can assume 
w.l.o.g. Ur > Us in R". Since 

Hj{x,y,r,p,X + D'^Ur) = H.j{x,r,p,X) < Hj{x,s,p,X) = Hj{x,y,s,p,X + D'^Us) 

< Hj(x,y,r,p,X + D^Us) 

(where the last inequality follows by {H5)), then for A sufhciently small 

Xur + Hj(x,y,r,Dur,X + D^Ur) < Xus + Hj{x,y,r,Dus,X + D^Us) y G M". 

By the comparison principle for problem (j4.4l) . we deduce Xur < Xu^; as A — > 0^, we infer 
Hi{x,r,p, X) > Hiix, s,p, X) which gives the desired contradiction. □ 

Proposition 4.2 Let uq e BUC{W). Then 

- For any e > there exists a unique solution G BUC{Qt) to (|4.ip . Moreover u^ is bounded 
uniformly in e. 

- There exists a unique solution u G BUC{Qt) to the effective problem 



\H,{x,ri,pi,Xi) - H,{x,r2,P2,X2)\ < Ci (|ri - rsj + \pi - P2\ + |^i - ^2!) ; 
\Hi{xi,r,p,X)-H,{x2,r,p,X)\ < Ci(l + \p\ + \r\ + \X\)\xi - X2\ + u;i{\xi - X2\); 
\Hi{x,r,p,X)\ < max - tr{A'^'^ {x,y)X) + ft^{x,y,r,p) 




in Qt 

on W,iGl 



(4.5) 



where the operators Hi are defined by the cell problem (j4.3l) . 
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Proof By routine adaptation of the arguments in [26 , (|4.ip and (I4.5P satisfy a comparison 
principle for sub and supersolution. 

In order to prove the existence of the solution, we note that assumption (HI) ensures 
\ff''{x,y,r,0)\ < C + L\r\. We deduce that, for a constant C sufficiently large, the functions 
u^{x,t) = ±(||uo|| + e*"*, . . . , ||uo|| + e*"*) are respectively a super- and a subsolution of (|4.1|) . 
Actually, by this inequality, we have 

dtu+ + Hi (x,^,u+,Du+,D^u+'j = Ce^^ + Hi (x, ^,u+,0,o) > (C - L)e^* - C - L||uo|| > 

provided that C — L + \ + C + L\\uq\\; hence u+ is a supersolution. Being similar, the proof for 
u~ is omitted. By the Perron's method for system, see |26], it follows the existence of a solution 
Ue e BUC{Qt) to (gH) such that 

-lluoll -e'^^ < ul{t,x) < lluoll +e^^, (t^x) e Qt,i^I- 
The existence of a bounded solution to (|4.5p is proved in the same way. □ 

Theorem 4.1 The solution of (|4.ip converges locally uniformly on [0,r] x R" to the solution 
u e BUC'IQt) of g3|l . 

Proof By Proposition 14.21 there exists a continuous solution of (|4.ip which is bounded 
independently of e. We follow the argument in [211 Thm 3.5]. We introduce the half- relaxed limits 

u{t,x) ~ limsup u'^{t^^Xe) and U.{t,x) — liminf 

We first show that u is a subsolution of the system (|4.5I) . We assume there exists i e / and (f) <E 
such that Ui — (/) has a strict maximum point at some (t,x) e (0;T) x R" with Ui(t,x) = (j)(t,x). 
We assume wlog i — 1 and we want show that 

dt(f)it,x) +Hi{x,u{t,x), D(f>{t,x), D'^(l){t,x)) < 0. (4.6) 

Let V ~ v{y) be a periodic viscosity solution of 

Hi {x, y, u(i, x), D(t){t, x),D^(j){t, x) + D'^v{y)) = Tli (x, u(t, x), D(i>(t, x),D'^(j){t, x)); 

namely, v solves the cell problem (|4.3p with {x,r,p,X) = {x,u{t,x), D(l){t,x), D'^(t){t,x)) (we recall 
that its existence is ensured by Proposition 14. 11 - (i) ) . By [231 Lemma 2.7] (recalled in Lemma [A. 21 
below) for each 77 > 0, there exists a periodic supersolution w G C(R") n M^^'°°(R") of 

Hi (x, y, u(t, x) , D(/)(t , x) , D^0(t, x) + D^w{y)) = i?i {x, u{t, x) , D(f>{t, x), D'^(j)(t, x)) - r]. (4.7) 

Define the "perturbed test-function" 

(j)" {t, x) = (j)(t, x) + e^w (^^y 

By standard results, we have that, up to extract subsequences, there exist (tg, x^) G Qt, {tei X;,) — > 
(t,x) for e — such that (tj,Xj) is a local maximum of uf(t, a;) — 4>'^{t^x) and lim£_j.o uf (^e, x^) = 
Ml (i,x). 

Assume for the moment that w £ C'^(R") so that 4>^ is an admissible test function for uf at {t^, x^)- 
Then 

dtHte,x,) + Hi (xe, ^,u^t,,x,), Dc^{t,,x,) + sDw (^) , D^^{t,,x,) + D^w (^)) < 0. (4.8) 
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Set 6s := wf (ig, Xi,)—(j)^(ti;, Xj). By the definition of u, up to a subsequence, for j 7^ 1 u'^j{te, a;^) — > Vj 
with < . By (gj]) and (i/5), 

> dt(l){te,Xe) + Hi (x„ ^,u'{t„ xe), D(p{t,,x,) + eDw (^) , D^<j){t„X,) + D^w )) 

= dt(l){te,Xe) + i?l (xe, y, ((/-^(^e, X^) + (5^ , (t^ , ) , . . . , <„(ie, Xe)) , i:>(/>(te, X^) + eDw , 

Z?20(i„x,) + i?2u;(^)) 

> dt(l){te,Xs) +Hi (^Xe, y, ((/>^(t£,X£),M§(i£,Xe),. . . , X^)) , /^^(te, X^) + E-Du) (^y^ , 

D20(i„x,) + i?2^(^)) +j5,. 

We denote by ^ the limit in K"/Z" of x^/e as e — >■ 0. Passing to the limit for e ^ in the 
previous inequality, by the periodicity of Hi and w, (|4.7p and {H5) with r = (ui(x, t), f2, . . . , r™) 
and s = (ui (t , x) , U2 (t , x) , . . . , (i , x) ) we get 

> dt^(t, x) + Hi (x, ^, x), f2, . . . , f„), DcPit, x),D^^{t, x) + L'^u^lO) 

> dtcl){t,x) + Hi{x,C, (ui{t,x),U2{t,x), . . . ,Um{t,x)),D(t){t,x),D^(l){t,x) + D^wiO) 

> dt(l>{t,x) + lli{x,^t,x), D(f){t,x), D'^(f>{t,x)) - rj. 

and, for the arbitrariness of rj we get (|4.6I) . If w is not smooth, using in [241 Lemma 3.6] (recalled 
in Lemma [A. 3|) it is possible to find £ S"" such that 

e e 

{Dcb{te,Xe)+eDw{ — ),D^(l,{t„Xe) + X,) e J^^ + u'{t„x,) 

e 

hence the above arguments hold with X^ in place of The rest of the proof to obtain 

(|4.6p is exactly the same. 

We prove that u is a viscosity supersolution of (14.51) in a similar way. From Proposition 221 
we then obtain u < u in Qt, hence u = u:= u where u is the (local) uniform limit of the u^'s. □ 



Remark 4.1 Observe that in the previous proof we exploit three facts 

- for each i £ I, Hi is ergodic, i.e. the cell problem (14.31) admits a solution for any (x,r,p, X). 

- there exist "sufficiently regular" approximations to the solution to the cell problem (j4.3p 

- The effective Hamiltonian Hi satisfies the properties in Prop, \4-.l\ ii). 

The uniform ellipticity of Hi is a sufficient condition to ensure these properties (for the last one, 
some regularity assumptions on the coefficients is also needed). Let us stress that such properties 
still hold under different hypotheses as, for instance, for first order equations, the coercivity with 
respect to p (in this case, the regular approximations of the solution to the cell problem will belong 
to W^^°°). 

Example 4.1 Consider the weakly coupled system 

dtul~tT(ai{x,^)D^ul^ +Fi(x,^,u,Dulj ^0 {t,x)£QT,ieI (4.9) 

where Fi (x, y, r,p) = minmax j -/f''(x, y) ■ p - ll^{x, y) - J2j <f^ix, vVj]. 
For each x,u,p, X, the cell problem reads 

-tr {ai(x,y)Dyv) - tr (ai(x,y)X) + Fi{x,y,u,p) = H{x,u,p,X). 
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By standard theory for linear ergodic problems (see and also pi), there holds 

'H{x,u,p,X) = -tT {ai{x)X) +F, {x,u,p) (4.10) 
where the effective diffusion a and the effective operator Fi have respectively the form 

ai{x) := / a^{x,y)d^ixiy), F,{x,r,p):^ / F, {x,y,r,p) dfi,o{y)- 

J[0,1)" "'[0,1)" 

Here, for x fixed, the measure /i^ is the unique invariant measure for the diffusion a(x, y), i.e. the 
solution in the sense of distributions of the equation 

X! ^ — a~ ^' periodic. 

As a straightforward application of Proposition 14. 11 - fii) . Proposition 14.21 and Theorem 14.11 
we have the following result 

Corollary 4.1 Let u'^ and u be respectively the solution to system (|4.ip with Hi as in (|4.9p and 
the solution to (|4.5|) with H as in (|4.10p . T/ieK u'^ converges locally uniformly to u on [0,T] x R". 



A Appendix 

For the proof of Lemma 12.11 we need the following technical Lemma: 

Lemma A.l Let f e USC(R^ x M+ x J) be bounded from above and g £ C(M^ x R+) be 
nonnegative. For e > 0, set ipi,{^,t,i) := /(C,^, *) — £giS,it) o,nd assume that -tjj^ attains its global 
maximum in some point (fo'^0'*o)- Then, as e — > 0, max-^^ sup / and £5(^01^0) ^ ^■ 

Proof Set := maxip^ and m :— sup/. For r/ > 0, let {^',t',i') be such that: f{^',t',i') > 
m — rj. For e' sufficiently small, we have: e' g{£f ,t') < 77. In particular, since g is nonnegative, there 
holds 

m > m,j > /(^', t', i') - e'giC, t')>m- 2r]. 

Letting e' — > 0, we get the first part of the statement. 

For e sufficiently small, the above relations entail 

m, = fi^o, tl, il) - egi^o, tl)>m~ 2ry; 

in particular, for := eg{^Q,tQ), we deduce that the sequence {fceje is bounded. Let us pick a 
subsequence (still denoted k^) convergent to some value fc > 0. Since — /(^oi^Oi*o) ~ — 
m — ke, by the first part of the statement, as £ ^ 0, we obtain fc < 0. Hence fc = and the 
statement is completely proved. □ 

Proof of Lemma [^TT] (i). Relations (|2.2p and (|2.3I) entail 

0< V(ro,xo,yo,«o) <2i?- (|e^^«|xo-yoP + |(ko|' + |yon) ; 

therefore, inequalities (|2.4p easily follows. The estimates (12. 5p are an immediate consequence of 
(|2.4p and Lemma lA.ll 

(a). The inequality 2?/> (to, xo, 2/0, io) > '0(t-o, 2^0, a^o, ^o) + ■0(^0, 2/0, J/o, «o) yields 

ae'^'">\xo - yof < [uI^{to,xo) - u-Jto, yo)] + [uf^{TQ,xo) - u-q(to, yo)] ; 

therefore, inequality (|2.6p is a consequence of the regularity assumption. 
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(iii). Assume € (being similar, the other case wiU be omitted). Let {e^} be an 
orthogonal basis of K". For /i e M sufficiently small, the inequality V'(''"Oi a;o, 1/0, «o) > ^{to,xo + 
hei,yo,io) yields 

ae'^^" {\xo -yo + hek\^ - \xo - yop) + - (|xo + hek\'^ - \xq\'^) < uI^{to,xo) - uI^{to,xo + het)- 
Dividing by h and letting /i — )• 0*, we obtain 

|ae^^°(a;o^fc - j/o,fe) + £XQ^k\ < [u^]i- 
Summing on k and taking advantage of estimate (j2.4p , we conclude the proof. □ 

For the sake of completeness, let us now state two results established by Horie and Ishii 
in |24[ Lemma 2.7 and 3.6]. For their proof, we refer the reader to the original paper. 

Lemma A. 2 Assume conditions {H0)-{H4) and fix x,p e W\r e M™,X e G /. Let 

V — v{y) be a bounded continuous solution to (|4.3p . Then 

(a) V is Lipschitz continuous in R". 

(b) Let R > be a constant such that \\Dv\\ < R. Then, for each £ > 0, there are functions 

e C(R") n VF^'°°(R") and a constant C (depending on R and on the constants entering 
in the assumptions) such that 

\\v - V^W < £, llu^ll < ||w|| 

\\Dv^\\ < \\Dvl |k^|ki,~(E") <C, 

and 

Hi{x,y,r,p,X + D\+{y)) > H,{x,r,p, X) ~ e zn R" 

H,{x,y,r,p,X + D^v-{y)) < H,{x,r,p, X) + e in R". 

Lemma A.3 Let n C R" be open, u E USC{il) and v e C{n) D W'^-°°{n). Let x e n and 
ip,X) € J^'"'"(m — Then there exists aY G S" such that 

{Dv{x), Y) e J^v{x), [p + Dv{x),X + r) e j'^^+u{x) 

where J'^'^u{x) is the set of super jets of u at the point x (see \15[ Section 2]) while J'^v{x) denotes 
the set of those points (q, Y) g R" x 5" for which there is a sequence Xj — >■ x such that v is twice 
differentiable at Xj and {Dv{xj),D'^v{xj)) — > {q,Y) (see \15\ Section 3]). 

Acknowledgement. The authors are grateful to Professor E.R. Jakobsen for several useful 
comments and suggestions. 
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